Gradient, Divergence, and Curl Operators
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Cylindrical coordinates:
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VECTOR IDENTITIES
(AXB)-C=A-(BxC)=(CxA)-B
AX(BxC)=B(A-C)—C(A-B)

V- (VXA)=0

VX (V=0

Vifg)=fVg+gVf

V(A-B)=(A-V)B+(B-V)A
+AX(VXB)+BX(VXA)

V- (fA)=fV-A+(A-V)f

V- (AXxB)=B-(VXA)—A - (VXB)

VX(AXB)=A(V-B)—B(V - A)

+B-V)A—(A-V)B

VX(fA)=VfXA+fVXA

(VXA)XA=(A-V)A—3V(A-A)

UX(VxA)=V(V-A)-V3A

INTEGRAL THEOREMS
Line Integral of a Gradient

b
| vr-ai= )~ 1@
Divergence. Theorem :
J V-AdV=§ A-dS
v s
Corollaries

LVde=£de

J VxAdV=—§ A xdS
v s
Stokes’ Theorem :
§ A*dl=J’ (VXA)-dS
L s
Corollary

ifdl=—J;fodS



MAXWELL’S EQUATIONS

Differential Boundary Conditions

Integral

Faraday’s Law

d B ey
- =—— . VXE=—— X (Eo— =0.
iE dl dtLB ds E Y nX(E;—E;)=0

Ampere’s Law with Maxwell’s Displacement Current Correction

§;H.dlzjjf.ds vxH=J+22 nx (Ho—H)) =K,
L s
dfy.
+dt JsD ds
Gauss’s Law
%D'dS:Lpde V‘D'—:pf n'(Dg—D1)=a'f
s
cfs-ds:o V- B=0 n-(Bs—B1)=0
s
Conservation of Charge
d 9py 9oy
. — = . +—=0 . — +—=0
§i-as+ | pav=o v+ ne 0T+
Usual Linear Constitutive Laws
D=¢E
B=uH

J,=c(E+vxB)=cE [Ohm’s law for moving media with velocity v]

PHYSICAL CONSTANTS

Constant Symbol Value units
Speed of light in vacuum c 2.9979x10°~3x10° m/sec
Elementary electron charge e 1.602x 10~ "° coul
Electron rest mass m, 9.11x107% kg
Electron charge to mass ratio d 1.76 x 10" coul/kg
me
Proton rest mass my 167 0" kg
Boltzmann constant k 1.88x 107 joule/°K
Gravitation constant G 6.67x10"" nt-m?/(kg)*
Acceleration of gravity g 9.807 . m/(sec)”
x5 _ 10~
Permittivity of free space €0 8.854x 10 2=~ 36 farad/m
T
Permeability of free space Ko 47 %1077 henry/m
Planck’s constant h 6.6256x 10>* joule-sec
Impedance of free space  mo=\/ Eo 376.73~1207 ohms
€o
Avogadro’s number N 6.023 x 10% atoms/mole



o CURL,
DIVERGENCE,
AND GRADIENT
IN CYLINDRICAL
AND SPHERICAL
COORDINATE
SYSTEMS

In Secs. 3.1, 3.4, and 9.1 we introduced the curl, divergence, and gradient,
respectively, and derived the expressions for them in the Cartesian coordinate
system. In this appendix we shall derive the corresponding expressions in the
cylindrical and spherical coordinate systems. Considering first the cylindrical
coordinate system, we recall from Appendix A that the infinitesimal box
defined by the three orthogonal surfaces intersecting at point P(r, 8, ¢) and
the three orthogonal surfaces intersecting at point Q(r + dr, ¢ + d@, z + dz)
is as shown in Fig. B.1.

Q(r +dr, ¢ +do,z +dz)

dz b
A
/ ~
/ .
7 rd¢ s
a g
P(r, ¢,2)
dr (r +dr) do
p

Figure B.1. Infinitesimal box formed by incrementing the coordinates in
the cylindrical coordinate system.
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From the basic definition of the curl of a vector introduced in Sec. 3.3

and given by
$ A-dl]
_ Lim|3e ; (B.1)
wxn-yn 300

we find the components of V x A as follows with the aid of Fig. B.1:

§ A-dl
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(Vx A), = 15;11% area abcd
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Combining (B.2a), (B.2b) and (B.2c), we obtain the expression for the curl
of a vector in cylindrical coordinates as

194, 04, dA, O0A,

VxA= [_ —Oeli, + [ — Sl
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—lo o @ (B.3)
or dp 9z
A, rd, A,

To find the expression for the divergence, we make use of the basic defini-
tion of the divergence of a vector, introduced in Sec. 3.6 and given by

V. A — Lim M (B-4)
Av—0 AU

Evaluating the right side of (B.4) for the box of Fig. B.1, we obtain

{[A,],+a,(' + dr) dp dz — [A,),r dp dz + [Agly.ae dr dz}
VeA= Lim [A¢]¢ dr dz + [Az]z+dzr dr d¢ [Az]zr dr d¢
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— Lim [rd) sar — [r4,], + Lim [A¢]¢+a¢d; [4,]s
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194, 94
5 o)+ 5+ G (B.5)

To obtain the expression for the gradient of a scalar, we recall from
Appendix A that in cylindrical coordinates,

dl=dri, +rddi, + dzi, (B.6)
and hence

B(IJd
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[
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=Vd.dl (B.7)
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Thus

— i+ L 520+ (B:5)

Vo

Turning now to the spherical coordinate system, we recall from Appendix

A that the infinitesimal box defined by the three orthogonal surfaces inter-

secting at P(r,0,¢) and the three orthogonal surfaces intersecting at

O(r + dr, 6 + db, ¢ + dg) is as shown in Fig. B.2. From the basic defini-

tion of the curl of a vector given by (B.1), we then find the components of
V x A as follows with the aid of Fig. B.2:
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/

Figure B.2. Infinitesimal box formed by incrementing the coordinates in
the spherical coordinate system.
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Combining (B.92), (B.9b), and (B.9¢c), we obtain the expression for the curl
of a vector in spherical coordinates as
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To find the expression for the divergence, we make use of the basic defini-
tion of the divergence of a vector given by (B.4) and by evaluating its right
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side for the box of Fig. B.2, we obtain
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To obtain the expression for the gradient of a scalar, we recall from
Appendix A that in spherical coordinates,

=dri, + rdfi, + rsin@ddi, (B.12)
and hence
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